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1. INTRODUCTION 
In a series of papers [l]-[4], L. R. Bragg and the author have developed 
a number of useful relationships, using the Laplace transform, between 
initial-boundary value problems for partial differential equations of one 
classification and corresponding problems of another classification. These 
relationships have subsequently been used [5]-[7] to obtain new results in 
partial differential equations. 
To illustrate the method consider two problems: 
p 
1 
; u(x, t) = P(x, D) ff(x, t), t>o 
1 
u(x, 0) = I 
t>o 
Here x = (xi, x2,..., x,) and D = (Dl, OS,..., DJ, where DJ(x) = (a/&c,)f(x). 
Let Da = D;lDiz *** D> and then 
is a linear partial differential operator of order m, where j (Y / = (~i+~l~+*..+~l~ 
and a,(x) are given functions of x. It has been shown that solutions of Pi and 
Pz are related as follows: 
U-1) 
v(x, t) = 2/-, t8;l(s-l/%(x, 1/4S)}& . (1.2) 
* This work was supported by NSF Grant GP-8123. 
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The notation P,{*..}T+liJt is to indicate that the Laplace transform is com- 
puted with respect to the variable 7 with the variable in the transform it. 
Similarly, the notation ZP;~{*.*}~+ is to indicate that the inverse Laplace 
transform is computed with respect to the variable s with the variable t2 in the 
inverse function. 
In Ref. [4] we relate solutions of PI to solutions of the following boundary 
value problem: 
I’ ~~w(~,Y)+P(rc,~)w(x,Y)=o, Y >o 
a 
1 w(x, 0) = $b(x). 
The relationships are as follows: 
J 
- 
u(x, t) = I 5 ~;‘{s-l~~(~, Sl/2)}s,I,** . (1.4) 
In this paper we relate Pz directly to P3. Equation (1.1) can be written as 
using the change of variables T = 7”. On the other hand, Eq. (1.3) can be 
written as 
w(x, y) = $n f: e--r12 T-~1i2u(x, 1/h) dT. U.6) 
. 
Combining (1.5) and (1.6), we have 
Assuming that the order of integration can be interchanged, we have 
w(x,y) = $ f-&$dq (1.7) 
Rather than justify the steps leading up to this result, we shall prove directly, 
under appropriate hypotheses, that if D(X, t) is a solution of P2 then w(x, y) is 
a solution of P3 . 
For the purpose of retrieving V(X, t) from a knowledge of W(X, y) it is 
desirable to be able to invert the transform of (1.7). For this reason it is 
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fortunate that this transform can be identified as a Stieltjes transform which 
has a well known inversion formula [8]. In (1.7) we let y2 = u, then 
m(x, y) = s ,; u-l;;(T ;l”) d,, 
--_ $ so(u-lkJ(.~, u’:‘)}*+,2  
where S,{ **.}OTy 4 is the Stieltjes transform with respect to u with the variable 
of the transform y2. In Section 4 we shall discuss the inversion of this trans- 
form. 
In Section 2 we shall show, under appropriate growth restrictions, that if 
V(X, t) is a solution of P2 then w(.v, y) given by (1.7) is a solution of P3 . In 
Section 3, we shall give sufficient conditions on c(x, t) to assure the existence 
and continuity of the normal derivative wy(m, 0) on the boundary. In the last 
section, we conclude with some remarks about the related problems of the 
Cauchy type for the wave equation and the Dirichlet type for the half-space 
y > 0. 
2. SOLUTIONS OF P3 FROM SOLUTIONS OF P2 
In this section we establish the main result relating solutions of Pz to 
solutions of P3 . 
THEOREM 2.1. Let v(x, t) be a C2 solution of Pz such that for all t > T, 
1 v(x, t)l < K(x)ta, 1 v&, t)l < M(x)ta, a < 1, p < 1, with K(x) and M(x) 
continuous functions of x. Then w(x, y) given by (1.7) is a solution of P3 . 
PROOF. We first show that lim,,a+ w(x, y) = v(x, 0) = d(x). We can 
continue v(x, t) as a continuous even function oft. Hence, 
For fixed x this is the solution of a Dirichlet problem evaluated at (0, y). 
Therefore, lim,,, w(x, y) = v(x, 0) = +(x). 
In showing that w(x, y) satisfies w,, + P(x, D) w = 0 we first note that 
vt(x, t) = s” VJX, T) dr. 
0 
Then for t > T 
I v&, t)l < 5’ I v&, 4 dT + ,: WW dT 
0 
< A(x) + # (te+l - Te+l). 
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Therefore, there exists a continuous function B(r) such that 
1 7+(X, t)l < B(x) tP+l for all t 3 T. 
Lety > 6 > 0. Then the integral s: [w(x, t)/(ta + ya)] dt clearly exists a& 
both integrals converging uniformly in y. Similarly 
-12y ir 
%u(-?Y) = ~ s 
0(x, t) 16y3 *m ZI(X, t) 
?7 o (t’ +ya)zdt + TJ, (t2 +yydt’ 
Now 
Integrating the last integral by parts, we have 
-16~~ zzz- z’(s, t) 
R 
~- dt + !$ J‘r ct;‘;$,2 dt 
(t* +yy 
This shows that the differential equation is satisfied for all y > 0 and 
completes the proof of the theorem. 
We can also incorporate into this result boundary conditions of a certain 
type. Let G(x) = 0 denote a cylindrical surface in (x, t) space and B(x, D) 
a linear nontangential boundary operator whose domain is the manifold 
G(X) = 0. The smoothness required of this cylinder will depend on the 
operator B(r, D). Let B(x, D) V(X, t) =f(x, t), x E G, t 3 0. Suppose the 
operator B(x, D) can be applied under the integral sign, then the boundary 
condition satisfied by w(x, y) is 
B(x, D) w(x, y) = z jr B(x;2D;;;’ t, dt 
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on G(x) = 0 in (x, y) space. Hence more complicated boundary value 
problems can be related provided the boundary values are related as follows: 
g(x, y) = z S,{u-ly(x, ul~2)}~+y2 u-1) 
3. EXISTENCE AND CONTINUITY OF THE NORMAL DERIVATIVE 
If P(X, D) = d, , the n-dimensional Laplacian, then P2 is a Cauchy 
problem for the wave equation and Pa is the Dirichlet problem for Laplace’s 
equation for the half-space y > 0. In this case it is important to investigate 
the existence and continuity of the normal derivative of w(x, y) on the 
boundary y = 0. We shall actually consider these questions in the general 
case. 
Using the fact that 
we have 
w(x, y) - w(x, 0) = $ jy w(x3 ;i yp dt. 
Then 
W&X, 0) = lim w(x, Y) - w(x, 0) y--o+ Y 
= + firn+ j m z)(x, t) - - +, 0) dt 
+ 0 t2 +y2 ’ 
(3.2) 
provided the limit exists. A sufficient condition which will allow us to take 
the limit under the integral sign is that V(X, t) - ZI(X, 0) = O(P), 01 > 1, 
as t + 0. Assuming that this is so, (this is obviously the case when v,,(x, t) is 
continuous at t = 0) then the limit exists and 
w&, 0) = a jr +, 0 ; 4X, 0) dt. 
This of course does not settle the question of the continuity of w,(x, y) at 
y = 0. However, for y > 0 we can differentiate under the integral sign and 
m p- 2 
w&9 Y) = 1 j, (p + ;I2 4% t) fit. (3.5) 
409/25/2-8 
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is constant with respect to y 
and 
w,(x, y) = f j-r (;; ;;2;2 [+, 4 - +, O)l dt. 
Under the same hypotheses as above we can take a limit under the integral 
sign, and 
showing that wV(x, y) is continuous at y = 0. 
4. INVERSON OF THE TRANSFORM 
According to Widder ([8], p. 336), if w(x, y) given by (1.8), is a Stieltjes 
transform of a function w(x, t) satisfying the hypotheses of Theorem 2.1, 
then V(X, t) is unique. In this section we derive ZJ(X, t) from w(x, y) by 
inverting the transform. 
We first note that in (1.7) y can be replaced by the complex variable z and 
w(x, z) = $ j-r g2 dt 
is analytic for Re(z) > 0. By changes of variables t = d;, z = l/z ] 
we can writte (4.1) as 
W(5) = ,; 3 4, 
(4.1) 
arg 5 I < =, 
(4.2) 
where k’(7) = o(x, di)/1/;; and W(s) = mw(x, <)/2fl. In (1 4.2) we let 
5 = -t2 - ie and 5 = -t2 + i< and subtract, giving us after some algebraic 
simplification 
W(-t2 -k) - W(-t2 + ic) E m V(7) =---- 
27ri I 0 (7) - t*y + 9 d% (4.3) 7l 
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Taking a limit in (4.3) and returning to the original variables, we have 
1 
w(x, d-t2 - k) -- 
ZJ(X, t) = 4 lim 
w(x, 4-P + ic) 1 
2i r--O+ l/_t2x - -- d-P + it: ) (4*4) 
This is the inversion formula. 
It should also be pointed out (see Widder, [8], p. 345) that, since IV(c) is 
analytic for positive real 5 and can therefore be differentiated infinitely many 
times, for t > 0 the transform can also be inverted as follows: 
v(x, t) = ” lim (- l)+l+l d2k-1 [5r+-1,2w(x, ,,,G] 
2 k--z k! (k - 2)! dtzk-l && ’ (4.5) 
5. THE DIRICHLET PROBLEM RELATED TO THE WAVE EQUATION 
When P(x, D) = A,, the n-dimensional Laplacian, then P2 is a Cauchy 
problem for the wave equation and P3 is a Dirichlet problem for Laplace’s 
equation for the half-space y 3 0. The simplest case of significance is for 
n = 1. Let d(x) be a Cl function such that 4(x) = O(P), OL < 1 as x -+ 00, 
then 
4(5) 
w(x,Y) = c jym (X - 5)” fy2 dt (5.1) 
is the solution of the Dirichlet problem for y 2 0. We rederive (1.7) for this 
case because of the simplicity of the method and also to show that in this case 
D(X, t) can be a generalized solution of the wave equation. We write 
In the first integral we let 5 - x = t and in the second integral we let 
x - 4 = t. The result is 
w(x, y) = $ jIm QM +t:);yt’” - a dt, 
where 0(x, t) = &[+(x + t) + 4(x - t)] is a generalized solution (because 
4(x) is not assumed to have a continuous second derivative) of the wave 
equation satisfying w(x, 0) = +(x). Since o(x, t) is even in t we have 
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in agreement with (1.7). It is likely that certain generalized solutions of Pz 
will be related to solutions of P3 through (1.7) in higher dimensional problems. 
We next show that the inversion formula (4.4) is valid in the above example. 
After a little algebraic simplification, we have from (5.1) 
t< -iD 
=- 
J 
N> 
ZT --m ((x - 5)” - t2)2 + c2 d&7- 
In the integral, for t < X, we let di = x - l, and for x < 5, we let 
fi = LJ - X. Then 
.m 
J 
5w 
--m ((x - ty2 - t2> + c2 
1 _ 
2 s 
m 4(x + Gwi -- 
0 (77 - t2J2 + c2 dT +; j, (17 _ t2)2 + <2 
m 9xX - Gwi dT 
* (5.4) 
Taking the limit as E -+ 0+ in (5.3) using (5.4) we have 
$x, t> = #(x + t) + 4(x - t)] 
as the inverse transform. 
Writing (5.1) in the form (5.2) seems to have some advantage in studying 
the normal derivative of w(x, y) on the boundary. For, according to Section 3, 
the existence and continuity of the normal derivative can be established if 
v(x, t) - v(x, 0) = 8[4(x + t) - 4(x)1 + iiC& - t) - d(x)1 
is O(P), 1 < 01, as t -+ 0. This is a weaker condition than continuity of the 
second derivative of d(x), as is usually taken (see Kellogg [9] pp. 168-172). 
When P(x, D) = da the solution of Pz is 
(5.5) 
where dS is the surface element of a sphere of radius t centered at x. In this 
case, if 4(x) is C3 then ~(x, t) is C2. Therefore, under appropriate growth 
restrictions on I+%(X) and its partial derivatives, Theorem 2.1 can be applied. 
Also the results of Section 3 will apply in this case. 
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